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Abstract
The finite form of the N = 2 super-Weyl transformations in the chiral and twisted-
chiral irreducible formulations of the two-dimensional N = 2 superfield supergravity
are found in N = 2 superspace. The super-Weyl anomaly of the N = 2 extended
fermionic string theory is computed in terms of the N = 2 superfields, by using a
short time expansion of the N = 2 chiral heat kernel. The super-Weyl invariant
N = 2 superconformal structure is introduced, and a new definition of the N = 2
super-Riemannian surfaces is proposed.
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1 Introduction
Since the work of Polyakov [1], much attention has been paid to the two-dimensional
quantum gravity and its supersymmetric extensions. Their better understanding is
crucial for getting more insights into the structure of (super)-conformal field the-
ories, and critical or non-critical (super)-string models formulated on the (super)-
Riemannian surfaces.
The two-dimensional supergravities can be formulated and investigated either in
components or in superfields. Each approach has its own obvious advantages and
disadvantages, and they are always complementary to each other. The N = 1 super-
gravity in two dimensions has been investigated in detail, both in components and in
superfields [2], and its applications to the N = 1 fermionic string theory (also called
the NSR model) are well-known [3]. 4 As for the N = 2 or (2, 2) two-dimensional
supergravity, most of its applications (see, e.g., refs. [5, 6, 7] for the critical N = 2
strings and refs. [8, 9] for the non-critical N = 2 strings) have been carried out in
components or in the so-called N = 2 superconformal gauge, despite of the known
formulations of this theory in the full-fledged N = 2 curved superspace [10, 11, 12, 13].
This seems to be related to the fact that some of the relevent elements of the N = 2
superspace description of N = 2 supergravity are yet to be completed. In particular,
we believe it to be certainly true for the finite form of the relevant N = 2 super-Weyl
transformations and a calculation of the N = 2 super-Weyl anomaly in terms of the
N = 2 superfields. To the best of our knowledge, it is apparently missing in the
literature. Although the full N = 2 superspace description of the N = 2 supergravity
in the N = 2 (curved) superspace is highly redundant, knowing the finite form of the
N = 2 super-Weyl transformations is important to set up the invariant definition of
the N = 2 super-Riemannian surfaces and the N = 2 superconformal gauge. It also
matters in establishing the N = 2 generalisation of the uniformisation theorem play-
ing the crucial role in the theory of the (super)-Riemannian surfaces. The use of the
N = 2 superspace is the best way to uncover the existence of several different versions
of the N = 2 supergravity [10, 11, 12, 13], which is very obscure in the component
approach.
Our paper is organised as follows. In sect. 2 we formulate the chiral version of
N = 2 supergravity in superspace and calculate the finite N = 2 superfield form of
its N = 2 super-Weyl symmetry transformations. In sect. 3, the similar results are
obatined for the twisted-chiral formulation of the theory. The N = 2 fermionic string
4See ref. [4] for the ’heterotic’ case of the (1, 0) supergravity.
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action in terms of the N = 2 superfields is discussed in sect. 4. The covariant N = 2
superconformal structure is used to define the N = 2 super-Riemannian surfaces. The
related definitions of the N = 2 super-Teichmu¨ller and super-moduli spaces are given
in that section too. Sect. 5 is devoted to the computation of the N = 2 super-Weyl
anomaly in N = 2 superspace. It results in the N = 2 super-Liouville effective theory,
as it should. Sect. 6 comprises our conclusion.
2 Complex Supergeometry in Superspace
When dealing with spinors on a string world-sheet, one should take into account the
delicate relation which exists between their descriptions on the Minkowski and Eu-
clidean world-sheets, and the associated spin structure. The Majorana-Weyl (MW)
spinors can only be introduced in Minkowski space, while defining the super-Riemann
surfaces (SRS) is based on the Euclidean formulation. That’s why we find appropriate
to start with the N = 2 supergeometry by using the Minkowski signature, and for-
mally stick to the Euclidean formulation when introducing the N = 2 SRS. Keeping
in use both formulations is also important for holomorphic factorisation [3]. There
is in general a topological obstruction to introduce spinors on a given (Euclidean)
manifold Ξ, in order to make possible a consistent choice of spin structure. Namely,
one should have w2(Ξ) = 0, where w2 is the second Stiefel-Whitney class [14, 15].
Since the w2(Ξ) vanishes for the oriented surfaces Ξ, they will be the only ones we
are going to consider.
Supersymmetric theories can be handled either in components or in superfields.
To construct the correct quantum measure and analyse the anomaly structure of the
N = 2 superstrings, it is quite appropriate to use the superfield formalism where the
N = 2 supersymmetry on the world-sheet is manifest. The natural setting is provided
by the N = 2 (left-right symmetric) curved superspace of the (2, 2) supergravity
in two dimensions [10, 11]. The formal construction of the corresponding N = 2
supermoduli space and N = 2 SRS goes along the lines of the conventional N = 1
case [3, 16], the important differences being emphasized below. As for discussing
global (or topological) issues, the component approach seems to be more appropriate.
The N = 2 (flat) superspace coordinates in two dimensions are
zA = (xa, θα, θ¯
•
α) , a = 0, 1, α = +,− , (2.1)
where θ’s represent two Grassmannian (anticommuting) complex spinor coordinates,
3
(θα)
†
= θ¯
•
α. The spinorial covariant derivatives in the flat N = 2 superspace are
Dα = ∂α + iθ¯
•
α(γa) •
αα
∂a ,
D¯ •
α
= ∂¯ •
α
+ iθα(γa)
α
•
α
∂a , (2.2)
and their conjugates, where ∂a = ∂/∂x
a, ∂α = ∂/∂θ
α and ∂¯ •
α
= ∂/∂θ¯
•
α. They satisfy
an algebra
{Dα, D¯ •α} = 2i(γ
a)
α
•
α
∂a , {Dα, Dβ} = {D¯ •α, D¯ •β
} = 0 . (2.3)
The curved N = 2 superspace can be described by the superzweibein EM
A with
its inverse EA
M , the spin superconnection ωA and the UV(1) superconnection ̺A.
Such formulation is based on the structure group SO(1, 1) × UV(1) in the tangent
space, 5 and leads to the chiral (irreducible) version of the N = 2 supergravity with
4 + 4 (off-shell) components corresponding to a chiral N = 2 scalar superfield as a
compensator [11, 12]. A very natural but naive choice of the N = 2 superspace with
an SO(1, 1) × UV(1) × UA(1) tangent space group leads to a reducible supergravity
multiplet with 8 + 8 off-shell degrees of freedom comprising a real scalar N = 2
superfield, as was shown in ref. [10]. Taking SO(1, 1)× UA(1) as a structure group
is another option, which also results in the irreducible 4 + 4 off-shell supergravity
multiplet, corresponding to the two-dimensional twisted-chiral N = 2 superfield as
a compensator [10, 12, 13]. However, the anomaly structure of this version of the
N = 2 superfield supergravity is expected to be more complicated.
Given the superzweibein and superconnections, the curved superspace covariant
derivative can be defined as
∇A = EA
MDM + ωAX + i̺AY ≡ EA + ΩA , (2.4)
where DM is the rigid (flat) superspace covariant derivative DM = (∂m, ∂µ, ∂¯ •µ) intro-
duced above, X and Y are the Lorentz and UV(1) symmetry generators, respectively,
⌊⌈X , Oa⌋⌉ = εa
bOb , ⌊⌈X , Oα⌋⌉ =
1
2(γ3)α
βOβ ,
⌊⌈Y , Oa⌋⌉ = 0 , ⌊⌈Y , Oα⌋⌉ =
1
2 i(γ3)α
βOβ .
(2.5)
The supertorsion TAB
C , supercurvature RAB and superfield strength FAB are de-
fined by the (graded) commutations of the covariant derivatives,
⌊⌈∇A,∇B} = TAB
C∇C +RABX + iFABY , (2.6)
5 In two dimensions a general (p, q)-supersymmetry algebra may have p(q) left(right)-handed
Majorana supersymmetry charges, so that the internal symmetry group is SO(p)×SO(q), in general.
When p = q = N = 2, one has UV(1)× UA(1).
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and they are all tensors with respect to the reparametrisations of the N = 2 super-
space coordinates.
The curved N = 2 superspace geometry is highly reducible even off-shell, and it is
too general to describe N = 2 SRS. The off-shell supergravity in superspace is actually
described by some constraints on the supertorsion, which reduce a number of the
independent components to the minimal one [17]. In this respect, the two-dimensional
N = 2 supergravity is quite similar to its four-dimensional N = 1 supergravity
counterpart, where the relevant constraints on the superspace torsion comprise the so-
called ’conventional’ constraints, the ’(chiral) representation-preserving’ constraints
and the ’conformal’ ones [17]. The latter are just necessary to reduce the super-Weyl
parameter (see below) to the irreducible N = 2 superfield [10]. As a result of the
constraints and the subsequent corollaries from the superspace Bianchi identities, all
the torsion, curvature and field-strength tensor superfields can be expressed in terms
of a smaller number of (generically constrained) superfields. As for the chiral version
of the N = 2 supergravity theory, 6 the relevant outcome for the (anti)-commutation
relations (2.6) is given by [11, 13]
{∇α,∇β} = 2(γ3)αβR¯(X + iY) ,
{∇α, ∇¯ •
β
} = 2i(γc)
α
•
β
∇c ,
⌊⌈∇α,∇b⌋⌉ =
1
2i(γb)α
•
β
[
R¯∇¯ •
β
− (γ3) •
β
•
γ(∇¯ •
γ
R¯)(X + iY)
]
,
⌊⌈∇a,∇b⌋⌉ =
1
4εab
{
2(γ3)
αβ(∇αR)∇β + 2(γ3)
•
α
•
β(∇¯ •
α
R¯)∇¯ •
β
+
[
∇2R + ∇¯2R¯ − 4RR¯
]
X − i
[
∇2R− ∇¯2R¯
]
Y
}
. (2.7)
In eq. (2.7) all the tensor-component N = 2 superfields of the torsion, curvature and
field-strength are expressed in terms of a single scalar N = 2 complex superfield R.
The first line of eq. (2.7) implies that this superfield is (covariantly) chiral,
∇¯ •
α
R = ∇αR¯ = 0 . (2.8)
Having imposed the supertorsion constraints, one can express, as usual, the super-
connections in terms of the superzweibein. For instance, the constraint Tαβ
•
γ =
Eβ
MEα
N
(
∇N E¯M
•
γ −∇M E¯N
•
γ
)
= 0 implies
(ωM ± ̺M) = (γ3 ± 1) •γ
•
βE¯ •
β
N
(
DN E¯M
•
γ −DM E¯N
•
γ
)
. (2.9)
6The different twisted-chiral version of the N = 2 supergravity is considered in the next section.
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The complex supergeometry of the N = 2 supergravity is invariant under those
transformations which preserve the constraints. One usually finds convenient to look
at the infinitesimal variations first, in the form HA
B = EA
MδEM
B and φA,B
C =
EA
MδΩM,B
C , where Ω is the total connection, ΩA = ωAX + i̺AY . The corresponding
variation of the supertorsion components reads [10]
δTAB
C = ∇AHB
C − (−1)AB∇BHA
C + TAB
DHD
C
−HA
DTDB
C + (−1)ABHB
DTDA
C + φA,B
C − (−1)ABφB,A
C . (2.10)
Since the supertorsion constraints, not all of the H ’s are actually independent. The
Hα
b, H ≡ Hα
α, (γ3H) ≡ (γ3)α
βHβ
α and their complex conjugates can be chosen to
represent a complete set of the independent ones.
By construction, the super-reparametrisational, super-Lorentz and super-phase
UV(1) local transformations in the N = 2 superspace are always among the symme-
tries of the theory, and we are not going to discuss them in any detail (see, however,
refs. [10, 13]). Instead, we want to concentrate on another local symmetry which is
closely related to two bosonic dimensions we are working in, and is crucial for the
N = 2 fermionic strings, namely the N = 2 super-Weyl invariance. Taken together,
the local symmetries are enough to gauge away all the N = 2 supergravity fields in
each given coordinate patch, but not globally. The fact that the complex supergeom-
etry of the N = 2 supergravity is superconformally flat was first noticed by Howe and
Papadopoulos [10], but, to the best of our knowledge, the finite N = 2 super-Weyl
transformations in the irreducible formulations of the N = 2 supergravity in N = 2
superspace were not calculated.
In their infinitesimal form, the N = 2 super-Weyl transformations are [10]
Ha
b = δa
b(λ+ λ¯) , Hα
β = δα
βλ¯ , Ha
•
β =
i
2
(γa)
•
βγ∇γλ , (2.11)
where λ is an infinitesimal chiralN = 2 superfield parameter. It follows from eq. (2.10)
that the symmetry transformations (2.11) are the invariance of the constraints (2.7).
It is convenient to use N = 2 super-differential forms here, in terms of which
the superzweibein takes the form EA = dzMEM
A = (Ea, Eα, E¯
•
α), and similarly for
the derivatives. The supertorsion and the superspace Bianchi identities can then be
conveniently represented as [10]
TC = 12E
BEATAB
C = DEC + EBΩB
C ≡ ∇EA , (2.12)
and
∇TA = EBRB
A , DF = 0 , (2.13)
6
respectively, where RA
B = DΩA
B + ΩA
CΩC
B, Ra
b = εa
bF and Rα
β = 12(γ3)α
βF .
The form of eq. (2.11) suggests the following ansatz for the finite N = 2 super-
Weyl transformations with the chiral N = 2 superfield parameter Λ
Eˆa = SEa , where S ≡ ΛΛ¯ ,
Eˆα = Λ¯Eα + Ec(γc)
α
•
β ρ¯ •
β
,
ˆ¯E
•
α
= ΛEˆ
•
α + Ec(γc)
•
αβρβ , (2.14)
which some superfields ρβ , ρ¯ •
β
to be determined by evaluating the supertorsion com-
ponents Tˆ c in the two different ways. First, their definition according to eq. (2.12) in
terms of the EˆA and the (yet unknown) ωˆ and ˆ̺ implies
Tˆ c = 12Eˆ
BEˆATAB
c = ST c + S [(ωˆ − ω)X + i(ˆ̺− ̺)Y ]Ec + (∇S)Ec
= iSE¯
•
βEα(γc)
α
•
β
+ SEbεb
cΥ+ (∇S)Ec , (2.15a)
where [(ωˆ − ω)X + i(ˆ̺− ̺)Y ]Ec ≡ Ebεb
cΥ. Second, the ansatz (2.14) yields another
equation for the same tensor Tˆ c, and it is consistent with eq. (2.15a) since it appears
to have the same structure, namely
Tˆ c = i(γc)
α
•
β
[
SE¯
•
βEα + ΛE¯
•
βEa(γa)
α
•
δ ρ¯ •
δ
+ Λ¯EαEa(γa)
•
βγργ
]
. (2.15b)
Comparing the coefficients at Ec and Edεd
c in eq. (2.15) gives rise to the equations
∇S = iΛE¯
•
β ρ¯ •
β
+ iΛ¯Eαρα ,
SΥ = −iΛE¯
•
β(γ3ρ¯) •
β
− iΛ¯Eα(γ3ρ)α . (2.16)
The first line of eq. (2.16) fixes the ρα and ρ¯ •α. Hence, the N = 2 super-Weyl trans-
formation of the superzweibein is given by
Eˆa = SEa , S = ΛΛ¯ ,
Eˆα = Λ¯Eα − iEb(γb)
α
•
β∇¯ •
β
Λ¯ ,
̂¯E •α = ΛE¯ •α − iEb(γb) •αβ∇βΛ . (2.17)
Since EA
MEM
B = δA
B and similarly for the superzweibein components with hats, it
follows from eq. (2.17) that the inverse superzweibein transforms as
Eˆa = S
−1Ea + iS
−1Λ¯−1(γa)
β
•
γ(∇¯ •
γ
Λ¯)Eβ + iS
−1Λ−1(γa)
•
βγ(∇γΛ)E¯ •
β
,
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Eˆα = Λ¯
−1Eα ,
ˆ¯E •
α
= Λ−1E¯ •
α
. (2.18)
Notably, the N = 2 super-Weyl transformation of the spinor components of the
inverse superzweibein in eq. (2.18) is very simple.
The super-Weyl transformation of the spinor components of the Lorentz super-
connection follows from the second line of eq. (2.16), and it takes the form
ωˆα = Λ¯
−1ωα − Λ¯
−1Λ−1(γ3)α
γ∇γΛ . (2.19)
We have checked that the same result also follows by exploiting the explicit form of
dependence of the Lorentz superconnection upon the superzweibein, i.e. by using
eqs. (2.9), (2.17) and (2.18). Similarly, one finds
ˆ̺α = Λ¯
−1̺α − Λ¯
−1Λ−1(γ3)α
γ∇γΛ . (2.20)
The super-Weyl transformations of the vector components of the superconnections
are more complicated, but, fortunately, we don’t need them in what follows.
The N = 2 super-Weyl transformations of the spinorial covariant derivatives in
the N = 2 superspace are straightforward to calculate, since they are the direct
corollaries of the transformation rules given above. We find
∇ˆα = Λ¯
−1∇α − Λ¯
−1Λ−1(γ3)α
γ(∇γΛ)(X + iY) . (2.21)
The first line of eq. (2.7) then implies the transformation law for the anti-chiral
superfield R¯ in the form
̂¯R = Λ¯−2 [R¯− 2Λ−1∇2Λ + 2Λ−2(∇αΛ)(∇αΛ)] , (2.22a)
or, equivalently,
̂¯R = e−2Σ¯ (R¯− 2∇2Σ) , R̂ = e−2Σ (R− 2∇¯2Σ¯) , (2.22b)
where the chiral N = 2 superfield Σ has been introduced, Λ ≡ exp(Σ). Eqs. (2.18)
and (2.22) comprise the main results of this section. It should also be noticed that
the superdeterminant 7 E =≡ sdet(EM
A) is N = 2 super-Weyl invariant, Eˆ = E or
δE = 0, which is easily verified. Finally, as for the N = 2 chiral density E to be
defined as E ≡ −12
(
∇¯2 − 4R
)
E, we get
Eˆ = e−2Σ
[
E − 4(∇¯2Σ¯)E
]
, E = e2ΣEˆ + 4(∇¯2Σ¯)Eˆ . (2.23)
7As for the definition of the superdeterminant, see eqs. (A.9) and (A.10) of the Appendix.
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3 Twisted N = 2 Superfield Supergravity
The different set of the two-dimensional N = 2 supergravity constraints in N = 2
superspace can be obtained by truncating the four-dimensional N = 1 superfield
supergravity down to two dimensions. The alternative set of the two-dimensional
N = 2 supergravity constraints takes the form [11, 13]
{∇α,∇β} = 0 ,
{∇α, ∇¯ •
β
} = i(γc)
α
•
β
∇c +
(
iC
α
•
β
H + (γ3)
α
•
β
G
)
X −
(
C
α
•
β
G+ i(γ3)
α
•
β
H
)
Yt ,
⌊⌈∇α,∇b⌋⌉ =
1
2
[
i(γb)α
βG− (γ3γb)α
βH
]
∇β + i(γ3γb)α
β(∇βG)X − i(γb)α
β(∇βG)Yt ,
⌊⌈∇a,∇b⌋⌉ = −εab
[
(∇¯
•
γG)(γ3) •γ
λ∇λ + (∇
λG)(γ3)λ
•
γ∇¯ •
γ
−
(
Cα
•
β∇α∇¯ •
β
G−G2 −H2
)
X − (γ3)
α
•
β
(
∇α∇¯ •
β
G
)
Yt
]
, (3.1)
where the new U(1) generator Yt has been introduced,
⌊⌈Y , Oa⌋⌉ = 0 , ⌊⌈Y , Oα⌋⌉ =
1
2 iOα . (3.2)
In this new N = 2 supergravity theory all the supertorsion, supercurvature and
superconnection components depend on the two real scalar superfields G and H ,
which can be combined into the single complex N = 2 superfield to be equivalent to
a twisted chiral N = 2 scalar superfield [18]. It should be noticed that both (chiral
and twisted-chiral) versions of N = 2 supergravity are derivable by truncating the
off-shell formulation of the two-dimensional N = 4 supergravity theory of ref. [11].
The infinitesimal N = 2 super-Weyl transformations in the twisted superfield
formulation of the N = 2 supergravity theory take the form
Ha
b = δa
b
(
Λ + Λ¯
)
,
Hα
β = 12
(
δα
β − (γ3)α
β
)
Λ + 12
(
δα
β + (γ3)α
β
)
Λ¯ ,
Ha
•
β = i(γa)
•
δγ∇γ
[
1
2
(
δ •
δ
•
β + (γ3) •
δ
•
β
)
Λ + 12
(
δ •
δ
•
β − (γ3) •
δ
•
β
)
Λ¯
]
, (3.3)
which is different from that given in ref. [10]. We have checked that the supertorsion
constraints in eq. (3.1) are invariant with respect to our N = 2 super-Weyl transfor-
mation laws in eq. (3.3). The N = 2 super-Weyl parameter in eq. (3.3) is supposed
to be a twisted-chiral superfield, 12(1 + γ3)α
β∇βΛ =
1
2(1− γ3) •α
•
β∇¯ •
β
Λ¯ = 0.
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A derivation of the finite form of the N = 2 super-Weyl transformations follows
the lines of the chiral case already considered in the previous section. It results in
EˆM
a = EM
aS , where S ≡ ΛΛ¯ , (3.4)
EˆM
α = 12
(
EM
β − 2iEM
a(γa)
β
•
γS−1∇¯ •
γ
S
) [
(δβ
α − (γ3)β
α) Λ + (δβ
α + (γ3)β
α) Λ¯
]
,
ˆ¯EM
•
α = 12
(
E¯M
•
β − 2iEM
a(γa)
•
βγS−1∇γS
) [(
δ •
β
•
α + (γ3) •
β
•
α
)
Λ+
(
δ •
β
•
α − (γ3) •
β
•
α
)
Λ¯
]
,
where M is a curved superspace index, M = (m,µ,
•
µ). Eq. (3.4) implies the inverse
superzweibein to transform as
Eˆa
M = S−1
[
Ea
M − 2iS−1(γa)
δ
•
γ (∇¯ •
γ
S)Eδ
M − 2iS−1(γa)
•
δγ(∇γS)E¯ •
δ
M
]
,
Eˆα
M = 12
[(
δα
β − (γ3)α
β
)
Λ−1 +
(
δα
β + (γ3)α
β
)
Λ¯−1
]
Eβ
M ,
ˆ¯E •
α
M = 12
[(
δ •
α
•
β + (γ3) •α
•
β
)
Λ−1 +
(
δ •
α
•
β − (γ3) •α
•
β
)
Λ¯−1
]
E¯ •
β
M . (3.5)
The super-Weyl transformation rules for the fermionic parts of the superconnec-
tions,
ωMEα
M ≡ E¯ •
γ
N(γ3) •
β
•
γ
(
DN E¯M
•
β −DM E¯N
•
β
)
Eα
M ,
̺MEα
M ≡ E¯ •
β
N
(
DN E¯M
•
β −DM E¯N
•
β
)
Eα
M , (3.6)
are now straightforward to calculate. We find
ωˆα =
1
2
[(
δα
β − (γ3)α
β
)
Λ−1 +
(
δα
β + (γ3)α
β
)
Λ¯−1
] [
ωβ − 4S
−1(γ3)β
γ(∇γS)
]
,
ˆ̺α =
1
2
[(
δα
β − (γ3)α
β
)
Λ−1 +
(
δα
β + (γ3)α
β
)
Λ¯−1
] [
̺β + 4S
−1(∇βS)
]
. (3.7)
Eq. (3.7) fixes the Weyl transformations of the superspace covariant derivatives to
the form
∇ˆα =
1
2
[(
δα
β − (γ3)α
β
)
Λ−1 +
(
δα
β + (γ3)α
β
)
Λ¯−1
]
×
[
∇β − 4S
−1 {(γ3)β
γ(∇γS)X − i(∇βS)Y}
]
,
ˆ¯∇ •
α
= 12
[(
δ •
α
•
β + (γ3) •α
•
β
)
Λ−1 +
(
δ •
α
•
β − (γ3) •α
•
β
)
Λ¯−1
]
×
[
∇¯ •
β
− 4S−1
{
(γ3) •
β
•
γ(∇¯ •
γ
S)X + i(∇¯ •
β
S)Y
}]
. (3.8)
The transformation rules of the superfields G and H follow from the second line
of eq. (3.1) to be contracted with the charge conjugation matrix Cα
•
β , and eq. (3.8).
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The finite N = 2 super-Weyl transformations laws turn out to be surprisingly simple,
namely 8
Hˆ = e−Σe−Σ¯
{
H + 2∇α(γ3)
α
•
β∇¯ •
β
(Σ + Σ¯)
}
,
Gˆ = e−Σe−Σ¯
{
G+ 2i∇αC
α
•
β∇¯ •
β
(Σ + Σ¯)
}
, (3.9)
where the twisted chiral superfield Σ has been introduced, 9
Λ ≡ eΣ , Λ¯ ≡ eΣ¯ . (3.10)
Eq. (3.9) represents the main result of this section.
4 Superconformal Gauge and N = 2 SRS
Eqs. (2.22) and (3.9) play the crucial role in the complex N = 2 supergeometry.
First, they mean that a curved N = 2 superspace of the N = 2 supergravity is
superconformally flat, namely the relevant superfields of the N = 2 supergravity (the
chiral (R) or the twisted chiral (G + iH) N = 2 superfield) can be made constants
by the N = 2 super-Weyl transformations.
The component gauge fields of the N = 2 supergravity are naturally defined via
the expansion of the N = 2 superspace vector covariant derivative,
∇a| = e
m
a ∂m + ψ
µ
a∂µ + ψ¯
•
µ
a ∂¯ •µ + ωaX + iAaY , (4.1)
where | denotes the θ = 0 projection. In eq. (4.1), ema (x) is the two-dimensional
zweibein, ψµa (x) is the two-dimensional complex ’gravitino’ field, and Aa(x) is an
Abelian gauge field. In the Wess-Zumino gauge, where most of the auxiliary fields
required by N = 2 superfields are eliminated, the off-shell field contents of the
N = 2 supergravity in components are (eam, ψ
µ
a , Aa, R|) in the chiral formulation,
and (eam, ψ
µ
a , Aa, G|, H|) in the twisted chiral one.
The N = 2 superconformal flatness is due to the existence of the (unique) solution
to the N = 2 chiral Liouville equation for the finite N = 2 super-Weyl parameters Σ
and Σ¯,
2∇¯2Σ¯ + e2ΣR̂ = R , (4.2)
8Eq. (3.1) and the obvious identities tr(γ3γ
a) = tr(γa) = 0 have been used to derive eq. (3.9).
9We use the notation similar to that of the previous section, since the chiral and twisted chiral
formulations of the N = 2 supergravity can never simultaneously appear in one theory.
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where R̂ = const. The value of the complex constant is constrained by topology,
since one has (in the Wess-Zumino gauge) the relation
1
π
∫
d2xd2θ ER =
1
2π
∫
d2x eR(2) +
i
2π
∫
d2x eF = χ(σ) + ic , (4.3)
where the two-dimensional scalar curvature R(2)(e) and the Abelian field strength
F (A), as well as the corresponding Euler characteristic χ(Σ) = 2 − 2h and the first
Chern class c, have been introduced, h, c ∈ Z, h ≥ 0. The E in eq. (4.3) means the
chiral density, E ≡ −12(∇¯
2 − 4R)E, E ≡ sdet(EM
A) and ∇¯ •
α
E = 0.
Clearly, the N = 2 flat superspace is characterized by Rˆflat = 0 and ∇flat = D, so
that
Rflat = 2D¯
2Σ¯ . (4.4)
There are, of course, the topological obstructions (moduli!) when h > 0. In addition,
eq. (4.4) is only valid in classical theory, because the N = 2 super-Weyl invariance is
anomalous after quantisation. Eq. (2.22) also implies that the superspace constraints
of the N = 2 supergravity can be locally solved by setting the superzweibein to be
equal to the N = 2 super-Weyl-transformed flat superzweibein. Such choice consti-
tutes the N = 2 superconformal gauge. This gauge is very convenient for quantum
calculations, just like the conformal gauge is, since the redundant (super)gravity fields
disappear in that gauge, being fixed by the non-anomalous local symmetries.
The N = 2 fermionic string (Polyakov-type) action on the N = 2 supersymmet-
ric (curved) ’world-sheet’ Ξ is written in terms of the N = 2 (covariantly) chiral
superfields Xa, a = 0, 1, . . . , d− 1, ∇¯ •
α
X = ∇αX¯ = 0, as
10
S0 =
∫
d2xd2θd2θ¯ EX¯aXbηab , (4.5)
with some flat ’space-time’ metric ηab. The most general renormalisable N = 2
fermionic string action Sstr also includes the ’topological’ term of eq. (4.3) and the
’cosmological’ term
Sc = µ0
∫
d2xd2θ E + h.c. , (4.6)
where µ0 is a constant.
Going along the lines of the conventional bosonic and N = 1 supersymmetric cases
[19], we now perform the Wick rotation and switch to the Euclidean formulation
10For definiteness, we use the N = 2 chiral superfields to represent the N = 2 scalar matter, or
the N = 2 superstring coordinates. They could equally be represented by the N = 2 twisted chiral
superfields.
12
of the N = 2 fermionic string theory (4.5) characterized by the partition function
Z =
∑
h,cZh,c, where
Zh,c =
∫
⌊⌈dEM
A⌋⌉⌊⌈dΩN⌋⌉δ(T )⌊⌈dX¯⌋⌉⌊⌈dX⌋⌉e
−Sstr [E,Ω,X] . (4.7)
In eq. (4.7) the delta-function symbolizes the N = 2 supergravity constraints, which
effectively remove the integration over the superconnection, in particular. The func-
tional integration measure is determined by the generalised ultra-locality principle [20]
and the N = 2 super-reparametrisational invariance, and it is based on the following
definitions of the norm for the superfields X and EM
A,
||δXa||2 =
∫
d2xd2θd2θ¯ EδXaδXa ,
∣∣∣∣∣∣δEMA∣∣∣∣∣∣2 = ∫ d2xd2θd2θ¯ E [εαβHaαHaβ + c1H2 + c2(γ3H)2] + h.c. , (4.8)
where some arbitrary constants c1 and c2 have been introduced. Since both norms
in eq. (4.8) fail to be N = 2 super-Weyl invariant, this symmetry is expected to be
anomalous, which is the case when d 6= 2 indeed, as is well-known from the component
considerations [5, 21]. The detailed form of the N = 2 super-Weyl anomaly in the
N = 2 superspace will be determined in the next section. To the end of this section,
we are working in the critical dimension d = 2, where there is no super-Weyl anomaly.
It is quite natural to assume that the bosonic part (’body’) of our supermanifold
(or supersurface) Ξ forms a Riemann surface Ξ|. We can then introduce the N = 2
almost supercomplex structure on Ξ as follows
JM
N = EM
aεa
bEb
N + iEM
α(γ3)α
βEβ
N + iEM
•
α(γ3) •α
•
βE •
β
N , (4.9)
which satisfies
JM
NJN
P = −δM
P , (4.10)
and is invariant under theN = 2 super-Weyl transformations, as we explicitly verified.
Similarly to the conventional N = 1 supersymmetric case [3], it is not difficult to show
that the N = 2 almost supercomplex structure defined above is integrable, and, in
particular, this allows us to globally define N = 2 superholomorphic coordinates. It
can actually be done by introducing the 1-(super)form ζM = dzM−idzMJNM , having
only two independent components because of eq. (4.10), and checking that dζM =
0 (mod ζN) indeed. It happens to be the case just because of the N = 2 supergravity
constraints. Hence, we are in a position to define N = 2 super-holomorphic and
super-antiholomorphic functions Φ and Φ¯ as solutions to the equations
JM
N∇NΦ = i∇MΦ , JM
N∇N Φ¯ = −i∇M Φ¯ . (4.11a)
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or, equivalently,
∇−Φ = 0 , ∇+Φ¯ = 0 , (4.11b)
where ∇± are the corresponding ’chiral’ (with respect to the N = 2 supercomplex
structure J) covariant derivatives. The N = 2 superspace coordinates associated
to the N = 2 supercomplex structure are termed the N = 2 superconformal co-
ordinates. It is now natural to define the N = 2 SRS as an N = 2 supersurface
equipped with an N = 2 supercomplex structure, in a complete analogy with the
N = 0 and N = 1 cases [3]. 11 On the N = 2 SRS, the (local) coordinate patches
should exist, whose transition functions (instructing how to put those patches to-
gether) are superholomorphic. This would establish the contact with the alternative
(presumably, equivalent) description of the N = 2 SRS introduced earlier [23, 24] as
the 1|2-(complex)dimensional superconformal manifolds with N = 2 superconformal
transition functions in overlapping regions. 12
The local symmetries of the theory (4.5) in the curved N = 2 superspace comprise
(i) N = 2 super-diffeomorphisms 2sDiff(Ξ), (ii) N = 2 supersymmetric Lorentz trans-
formations 2sL, (iii) N = 2 supersymmetric Abelian (phase) transformations 2sU(1),
and (iv) N = 2 super-Weyl transformations 2sWeyl(Ξ). Let δVA(z), δL(z), δM(z)
and δΣ(z) be the corresponding infinitesimal N = 2 superfield local parameters, re-
spectively. Using the symmetries (iii) and (iv), the H and (γ3H) can be eliminated
from eq. (4.8) without topological obstructions, which explains the redundancy of the
coefficients c1 and c2 in this equation. The variation H
a
α under the infinitesimal N = 2
super-diffeomorphisms, orthogonal to the action of the N = 2 super-Weyl symmetry,
is governed by the N = 2 super-differential operator P1 of the form
(P1δV )α
b = 12
(
γcγb
)
α
β∇βδVc , (4.12)
in a complete analogy with the bosonic and N = 1 supersymmetric cases [3], where
the two-dimensional identity γaγ
bγa = 0 has been used.
We are actually interested in the different N = 2 supergeometries which are not
related by the N = 2 super-diffeomorphisms, N = 2 local Lorentz, U(1) or Weyl
transformations. So, let’s consider an arbitrary total variation {HAB}, which can be
decomposed as
{HA
B} = {δΣ} ⊕ {δL} ⊕ {δM} ⊕ {Range P1} ⊕ {KerP
†
1} . (4.13)
11We always assume here that all the supermanifolds we consider are the supermanifolds in the
conventional sense [22], with all the non-trivial topology due to the bosonic ’body’ only.
12The supercoordinate transformation is called superconformal provided the flat supercovariant
derivative D+ transforms as a superconformal tensor.
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The elements of KerP1 are natural to term the N = 2 superconformal Killing vectors,
while the elements of KerP
†
1 should be termed the N = 2 supersymmetric Teichmu¨ller
deformations or the N = 2 super-quadratic differentials. The N = 2 supersymmetric
Teichmu¨ller space T N=2h,c = KerP
†
1 can be naturally introduced in terms of the original
quantities by setting
T N=2h,c =
{EMA, ΩN ; δ(T )}
{2sDiff0(Ξ)⊗ 2sWeyl(Ξ)⊗ 2sL⊗ 2sU(1)}
, (4.14)
where the N = 2 supergravity constraints ’T = 0’ are supposed to be satisfied, and
2sDiff0(Ξ) means the group of topologically trivial diffeomorphisms connected to the
identity. Since any non-trivial topology of the N = 2 SRS is due to its ’body’ (which
is an ordinary Riemann surface), the quotient 2sDiff(Ξ)/2sDiff0(Ξ) is the ordinary
mapping class group MCGh, MCGh = Diff(Ξ|)/Diff0(Ξ|).
The N = 2 super-moduli space is defined by
MN=2h,c =
T N=2h,c
MCGh
. (4.15)
Since the N = 2 superconformal structure (4.9) on N = 2 SRS is already invariant
with respect to the local symmetries (ii), (iii) and (iv), the equivalent definition of
the N = 2 super-moduli space is given by
MN=2h,c =
{J}
2sDiff(Ξ)
. (4.16)
In analysing the N = 2 super-moduli space of N = 2 SRS, it is sometimes useful
to consider the N = 2 supergeometries characterised by a constant supercurvature,
R = const. The ’constant-curvature’ N = 2 supergeometries comprise the globally
defined slice with respect to the N = 2 super-Weyl transformations in the space of
all N = 2 supergeometries, when the N = 2 super-Liouville equation (4.2) shows
an action of these transformations along the orbits. One gets, in particular, from
eqs. (4.14) and (4.15) that
MN=2h,c =
{EM
A, ΩN ; δ(T )}R=const
{2sDiff(Ξ)⊗ 2sL⊗ 2sU(1)}
. (4.17)
The N = 2 super-moduli space MN=2h,c is a supermanifold, whose tangent space is
the space spanned by all N = 2 supersymmetric Teichmu¨ller deformations KerP
†
1 .
Unfortunately, it is not clear for us at the moment, how to get more insights into
the complicated structure of the N = 2 super-moduli space, while keeping in use the
N = 2 superspace approach and not going to the components.
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5 N = 2 Super-Weyl Anomaly
Given the action (4.5), the Green’s functions or the propagators of the N = 2 chiral
scalar superfields X and X¯ satisfy the equations 0 −12(∇¯2 − 4R)
−12(∇
2 − 4R¯) 0
 0 Gca
Gac 0
 =
 δ4c 0
0 δ4a
 , (5.1)
where the chiral delta-functions have been introduced,
δ4c =−
1
2(∇¯
2 − 4R)E−1δ6(z, z′) ,
δ4a =−
1
2(∇
2 − 4R¯)E−1δ6(z, z′) ,
(5.2)
and
δ6(z, z′) ≡ δ2(x, x′)δ2(θ − θ′)δ2(θ¯ − θ¯′) . (5.3)
The integration over the N = 2 matter fields in the partition function (4.7) yields∫
⌊⌈dX¯⌋⌉⌊⌈dX⌋⌉e−S0 = e−W , (5.4)
where
W = −12sTr lnG+ h.c. , (5.5)
and
G ≡ GcaGac , G¯ ≡ GacGca . (5.6)
The Green’s functions Gac and Gca can now be written down in the form
Gac =−
1
2(∇
2 − 4R¯)G ,
Gca =−
1
2(∇¯
2 − 4R)G¯ ,
(5.7)
where the new ones G and G¯ satisfy the equations
HG ≡
1
4
(∇¯2 − 4R)(∇2 − 4R¯)G = δ4c ,
H¯G¯ ≡
1
4
(∇2 − 4R¯)(∇¯2 − 4R)G¯ = δ4a .
(5.8)
The H-operators can be thought of as the N = 2 (chiral) covariant scalar ’Laplacians’
squared [25], viz.
H =
1
4
(∇¯2 − 4R)(∇2 − 4R¯) =
1
4
[
∇¯2∇2 − 4∇¯2R¯− 4R∇2 + 16RR¯
]
,
H¯ =
1
4
(∇2 − 4R¯)(∇¯2 − 4R) =
1
4
[
∇2∇¯2 − 4∇2R− 4R¯∇¯2 + 16R¯R
]
.
(5.9)
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The formal expression sTr lnG = ln sdetG = − ln sdetH needs to be regularised,
and it has to be carried over the space orthogonal to the zero modes of H: sdet →
sdet′. The natural definition is [3, 26]
ln sdet′(H + s) = −
∫
∞
ε
dt
t
e−tssTr′
[
e−tH
]
, (5.10)
where the real UV cutoff ε and the complex parameter s have been introduced. The
integral in eq. (5.10) absolutely converges for sufficiently large Re(s) and ε > 0.
The definition can then be extended throughout the complex s-plane by analytic
continuation. The limit s → 0 determines the regularised superdeterminant we are
interested in.
The infinitesimal variation
δ ln sdet′(H + s) =
∫
∞
ε
dt e−tssTr′
[
δHe−tH
]
(5.11)
under the N = 2 super-Weyl transformations with the infinitesimal N = 2 chiral
superfield local parameter δΣ can be explicitly computed since eqs. (2.21), (2.22) and
(5.9). The finite N = 2 super-Weyl transformation of the H-operator takes the form
Hˆ = e−2Σe−2Σ¯
{
H + 8(∇¯2 − 4R)∇2Σ
−[(∇¯
•
αΣ¯)∇¯ •
α
− 6(∇¯2Σ¯) + 12(∇¯Σ¯)2](∇2 − 4R¯ + 8∇2Σ)
}
. (5.12)
Fortunately, in order to compute the N = 2 super-Weyl anomaly whose local form
can be fixed up to a coefficient (see below) on the symmetry grounds, knowing the
infinitesimal chiral part of the rigid N = 2 super-Weyl transformation of H, δH =
−2HδΣ + . . . , is enough. Therefore, keeping only the relevant term, we find
lim
s→0
δ ln sdet′(H + s) = −2 lim
s→0
∫
∞
ε
dt e−tssTr′
[
δΣHe−tH
]
= 2 lim
s→0
∫
∞
ε
dt e−ts
∂
∂t
(
sTr′
[
δΣe−tH
])
= −2sTr′
[
δΣe−εH
]
. (5.13)
In the limit ε → 0 the expression on the right-hand side of eq. (5.13) is local, and
it is entirely determined by the symmetry, locality and chirality arguments up to an
overall constant, namely
lim
ε→0
sTr′
[
δΣe−εH
]
= const.
∫
d2xd2θ ERδΣ . (5.14)
There is no 1/ε (divergent) term due to world-sheet supersymmetry [3, 26]. The
constant in eq. (5.14) can be computed 13 via a short-time expansion of the N = 2
13In fact, the actual form of the anomaly in eq. (5.14) also follows from the short-time expansion,
as can be shown by a straightforward (tedious) calculation.
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chiral super-heat kernel U(z, z′; t) to be defined as the solution to the equation(
∂
∂t
+H
)
U(z, z′; t) = δ(t)δ4c (z, z
′) . (5.15)
Since we are actually interested in calculating the elements of U on the diagonal
z = z′ for short times t ∼ ε → +0, which is a local problem, we use the N = 2
(non-anomalous) local symmetries to render the N = 2 supergeometry to be super-
conformally flat, i.e. take the reference N = 2 supergeometry (’with hats’) to be flat.
Moreover, since the anticipated structure of the result in eq. (5.14), we keep only those
terms in H which are linear in Σ and have no more than two derivatives acting on
Σ. 14 Finally, we temporarily omit the constant scaling factor e−2Σ in the expression
for the H-operator, in order to restore it at the end. After all that simplifications the
remaining terms of H read:
H → Hre = D¯
2D2 − C
•
α
•
β(D¯ •
β
Σ¯)D¯ •
α
D2 + 6(D¯2Σ¯)D2 , (5.16)
where we have used the conventional notation for the flat N = 2 superspace covariant
derivatives:
D¯2 = 12C
•
α
•
βD¯ •
β
D¯ •
α
, D2 = 12C
αβDβDα , (5.17)
as well as the identities
C
•
α
•
βD¯ •
β
(γ3) •α
•
γD¯ •
γ
= Cαβ(γ3)β
γDγDα = 0 ,
D2D¯2D2 = ∂a∂
aD2 ≡ ∆D2 . (5.18)
The Hre can then be rewritten to the form Hre = (∆ − Vre)D2, with Vre to be
considered as a perturbation,
Vre = C
•
α
•
β(D¯ •
β
Σ¯)D¯ •
α
− 6D¯2Σ¯ . (5.19)
The flat chiral N = 2 supersymmetric heat kernel equation(
∂
∂t
+∆
)
U(z, z′; t) = δ2(x, x′)δ2(θ − θ′)δ(t) (5.20)
is solved by
U0(z, z
′; t) = U0(x, x
′; t)δ2(θ − θ′) , (5.21)
where the usual flat space heat kernel
U0(x, x
′; t) =
1
4πt
e−
(x−x′)2
4t ϑ(t) , (5.22)
14It can be shown that the other contributions vanish in the limit t→ 0 [3, 26].
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has been introduced. 15 The only term we need to consider in the iterative solution
for the U(z, z′; t) is
Ure(z, z
′; t) =
∫ t
0
dt′
∫
d2x′d2θ′ U0(z, z
′; t− t′)Vre(z
′, θ′)U0(z, z
′; t′) +O(t)
=
∫ t
0
dt′
∫
d2x′ U0(x, x
′; t− t′)U0(x, x
′; t′)
∫
d2θ′ δ2(θ, θ′)Vre(z
′, θ′)δ2(θ, θ′) +O(t) .
The integral over θ′ in the last line of this equation contributes
Vre(z
′, θ′)δ2(θ, θ′)|θ′=0 = −6D¯
2Σ¯ ,
whereas the remaining integral over t′ gives the factor (2π)−1 in the limit t → 0.
Putting it all together, we find
lim
t→0
Ure(z, z; t) = −
6
2π
D¯2Σ¯ , (5.23a)
and, hence, after restoring the constant scaling by Σ, the covariant form of the solution
reads
lim
t→0
U(z, z; t) = −
3
2π
R . (5.23b)
Given d chiral scalar N = 2 superfields, the anomalous contribution of eq. (5.23)
should be multiplied by d. Therefore, the constant in eq. (5.14) is equal to −3d/(2π).
Eqs. (5.5), (5.13), (5.14) and (5.23) imply for the anomalous part of the induced
action W
δWanomalous =
3d
2π
∫
d2xd2θ ERδΣ + h.c. , (5.24)
whose integration yields
Wanomalous = −
3d
2π
∫
d2xd2θd2θ¯ EˆΣ¯Σ +
{
3d
2π
∫
d2xd2θ EˆRˆΣ+ h.c.
}
, (5.25)
where all the N = 2 superderivatives and supercurvatures are to be defined with
respect to the reference (e.g., of constant supercurvature) N = 2 superspace geometry.
The complete expression for the W contains the additional anomaly-free factor
1
2 ln
sdet′Hˆ
sdet
〈
ΦˆI |ΦˆJ
〉
sdet
〈
ΨˆI |ΨˆJ
〉 + h.c. , (5.26)
where the (orthonormal) basises {ΦI} and {ΨI} of the finite-dimensional spaces
Ker (∇¯2 − 4R) and Ker (∇2 − 4R¯), respectively, have been introduced.
15The ϑ(t) denotes the conventional step-function: ϑ(t) = 0 when t < 0, and ϑ(t) = 1 when t > 0.
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The N = 2 superfield supergravity measure yields, in its turn, the contribution to
the partition function (4.7),
⌊⌈dEM
A⌋⌉⌊⌈dΩN⌋⌉δ(T ) =
(
sdet′P
†
1P1
)1/2 1
Vol(KerP1)
⌊⌈dΣ⌋⌉⌊⌈dΣ¯⌋⌉⌊⌈d′VA⌋⌉⌊⌈dL⌋⌉⌊⌈dM⌋⌉ ,
(5.27)
where some factors cancel after the appropriate normalisation of the partition function
by
N−1 = Vol(2sDiff0)×Vol(2sL)× Vol(2sU(1)) . (5.28)
The N = 2 superghosts associated with the non-trivial factor (sdet′P
†
1P1)
1/2 in the
measure (5.27) contribute a local factor to the N = 2 super-Weyl anomaly, which
should be similar to that in eq. (5.25), although we have not yet computed it. To
match with the component approach, it should give rise to a shift d → (d − 2) in
the total N = 2 super-Weyl anomaly. The ’cosmological’ term is also allowed to be
added to the final result, since it is consistent with the symmetries of the non-critical
N = 2 fermionic string theory. Perhaps, it seems to be equally consistent to set the
’cosmological’ term to be zero, µ0 = 0.
Finally, we arrive at the following expression for the N = 2 super-Weyl anomaly
(with the anticipated ghost contribution included)
Wtotal, anomalous = −
3(d− 2)
2π
SN=2 Liouville(Σ, Σ¯) , (5.29)
where the N = 2 super-Liouville action has been introduced,
SN=2 Liouville =
∫
d2xd2θd2θ¯ EˆΣ¯Σ +
{∫
d2xd2θ
(
EˆRˆΣ + µ0E
)
+ h.c.
}
(5.30)
In the N = 2 superconformal gauge, it reduces to (Rˆ ≡ r−1 = const)
Sg.−f.N=2 Liouville =
∫
d2xd2θd2θ¯ Σ¯Σ +
{∫
d2xd2θ
[
r−1Σ+ µ0(e
2Σ − 1)
]
+ h.c.
}
(5.31)
The main results of this section are summarized by eqs. (5.29) and (5.30). The
effective theory of the quantised N = 2 supergravity in two dimensions is given by
the N = 2 super-Liouville theory, as it should have been expected from a consistency
with the component approach. The current algebra of the N = 2 super-Liouville
theory in the N = 2 superconformal gauge was recently discussed in refs. [27, 28].
6 Conclusion
The results reported above are thought to be useful for a systematic covariant quan-
tisation of the N = 2 fermionic string theory in N = 2 superspace, which is yet to be
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completed. A covariant derivation of the N = 2 superfield BRST operator, as well
as an inspection of the BRST transformation properties of the N = 2 superfield path
integral measure would be of particular interest.
There are several indications in the literature that both critical and non-critical
N = 2 fermionic string theories are in fact topological quantum field theories in the
sense of ref. [29]. Namely, the BRST super-current algebra in these theories appears
to be the particular N = 2 supersymmetric extension of the topological conformal
algebra [29] for an arbitrary conformal matter [28]. As was noticed in ref. [28] for
both critical and non-critical N = 2 fermionic string theories, the vanishing of the
ghost-number anomaly associated with the total divergence term in the full BRST
anomaly is crucial for the apparently topological properties of these theories. There
are also many reasons to believe that the two-dimensional N = 2 supergravity itself
is a topological quantum field theory [21, 28].
An analysis of the zero modes of various N = 2 super-differential operators on the
N = 2 super-Riemannian surfaces turns out to be very involved in terms of superfields,
compared to the standard approach in components. This currently appears to be the
major technical obstruction preventing an efficient use of the covariant (not related
with the N = 2 superconformal gauge) definition of the N = 2 super-Riemannian
surfaces, which has been proposed in sect. 4. Nevertheless, nothing seems to be
preventing, in principle, to formulate N = 2 super-analogue of the Riemann-Roch
theorem which would be based on that definition, and then explicitly construct the
N = 2 superfield measure at non-vanishing values of genus h 6= 0 and Chern class
c 6= 0. It is currently under study.
One of the authors (S.V.K.) would like to thank S. J. Gates Jr. for useful conver-
sations.
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7 Appendix: Notation
The two-component (complex) world-sheet spinor is labelled as
ψα = (ψ+, ψ−) , (A.1)
while its complex conjugate takes the form
ψ
•
α = (ψ
•
+, ψ
•
−) . (A.2)
The lower-case Greek letters are used to represent spinor indices, the lower-case Latin
letters are used for tensor indices. The early (both Greek and Latin) indices are
referred to a tangent space, the middle ones being referred to a base space. The
capital letters are normally used to denote N = 2 superspace indices.
The two-dimensional Minkowski metric is
ηab = diag(−,+) , a, b = 0, 1 . (A.3)
The two-dimensional Dirac gamma matrices satisfy an algebra
{γa, γb} = 2ηab . (A.4)
Their explicit forms are
(γa) = (iσ1, σ
2) , (γ3) = γ
0γ1 = σ3 . (A.5)
The Levi-Civita antisymmetric symbol in two dimensions is normalized by the
condition
ε01 = 1 . (A.6)
The spinor metrics
Cαβ = C •
α
•
β
= σ2 (A.7)
and their inverses are used to raise and lower the spinors indices: ψα = Cβαψ
β,
ψα = Cαβψβ , and similarly for the dotted indices.
The obvious identities take place
εabεcd = δ
[a
c δ
b]
d ,
CαβCγδ = δ
[α
γ δ
β]
δ ,
γaγb = ηab + εabγ3 ,
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ψ2 = 12Cβαψ
αψβ = 12ψ
αψα = iψ
+ψ− . (A.8)
Given a general supermatrix
M =
 Aab Baβ,
•
β
C
α,
•
α
b D
α,
•
α
β,
•
β
 , (A.9)
its superdetermiant and supertrace are defined by
sdetM = det
(
A−BD−1C
)
det −1D ,
strM = trA− trD . (A.10)
The delta-functions of the anticommuting coordinates θα and θ¯ •α are defined by
δ2(θ1 − θ2) = (θ1 − θ2)
2 , δ2(θ¯1 − θ¯2) = (θ¯1 − θ¯2)
2 , (A.11)
so that ∫
d2θ δ2(θ) =
∫
d2θ¯ δ2(θ¯) = 1 . (A.12)
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